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“*\lariance Reduction
i = E[fX)] = E[gX)], X ~%[0,1]

Is 1t better to use

R ]_ Il—-l R ]_ IZ—-l ||[)
//tf,n — ; z !f(Xl) or lug,n — ; z ! g(Xl)9 X()9 Xla coe Y %[Oal]d

to approximate u? Since both sample means are unbiased, we can compare their
variances (mean squared errors):

var(f(X)) var(Z, ) = var(g(X))
g.n/

Var(ﬁf,n) —
n n

so It depends on the variances of the two functions
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“#Keister example
= J cos(llellexp( —[lE]12)
Rd

X = (CI)(atl), s CI)(atd)), @ is the CDF of the standard normal

a® exp(—a?||t||*/2) ;

dx = ad¢(af1)“°¢(afd) dt = (27)d/2

l

t= (D '(x),..., 07 (x))/a

df?2
i =J ) cos (||(@~ ', ... @7 xp) | 1a)
[0,1]4

afd

2 —a’ 2
X exp(— 255 (CID_l(xl), . CD_I(xd)) ) dx, (a? < 2)

Whole family f(x; a) for which u = E[f(X; a)] for X ~ %[0,1]¢
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“*\Jariable transformations

Suppose that you want to approximate

H = J g(t)dt

by Monte Carlo. You need to write it as an expectation. Let# = y(x), for some
invertible transformation, v : & — . Define the Jacobian determinant as

J(m;¢) = det((ij)Zj), J(t;¢_1) — det((ag;jl)ij)? J(TP(ZE)ﬂP_l) — J(wl; )
Then

= [ gtwi@)|J@ib)|de = [ gl

) e

) S —
f ()
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“#=\ariable transformations

Ho= J g)dt ="
I
Let t = w(x), for some invertible transformation, yw : & — . Then

= [ gw@) @) de = [ P 5@ of@) do = Bx- 7 (X)

N— e —
f(x)

if X ~ %[0,1]¢ (because we know how generate uniform samples), then

= [ g@) (@i $)] de = Exoggoalf(X)
TR
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“#Transformations of random variables

et

« T be arandom variable with sample space & and density Or
« X be arandom variable with sample space & and density Oy

« T = w(X), for some invertible transformation, y : & — . Then

or®) = ox(w NIt w D, op(w(x)) = ox@)|J(wx)); | = QX@
J(x; )]
K= J ht) or(®) dt = Eq_, [W(T)] = Ex_, [A(y(X))] = J h(y(x)) ox(x) dx
T - X

th>

h
or = J Ww)) eryo) [J(x; )| ox(x) dx = J h(y(x)) ox(x) dx
o4 Ox(x) X
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“Importance sampling

Suppose that you want to approximate

likelihood
ratio

e N

= Bror [H(T) = [ @) or(t)dt = [ h(e) 220 ox (6t = Bxv[£(X)
D ——

f(t)

We try to choose @y to make var| f(X)] small when doing IID sampling. If

T = w(X) for X ~ %[0,1]¢—since often find generate non-uniform samples
from uniform ones—then

y =J h(t) or(t) dt = Eq,_, [W(T)] = Ex o011l hp(X))] =J h(p(x)) dx
T [0,1]¢
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“*lmportance sampling cont’d

Suppose that you want to approximate

Iikeli?ood
raé)
o o o oT T
1= Ereor W) = [ Wt or(t)dt = | h(e) ZE05 ox(t)dt = Exeu F(X)
\---_\/_---—/
£(t)
n—1
R or(X)) 1D
==Y X)) X. X, .. '~
H1s, . g QX(X) 0> 1] Ox

n—1

2
n N 1 or(X;) .
Var(/’tIS,n) ~ n(n— 1) % [h(X) QX(X) //tIS,n]
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“*Ex. Brownian motion with drift

In computational finance certain outcomes, such as positive option payoffs,
may be rare

* Adding a drift to the Brownian motion increases the probability that asset
paths yield positive payoffs and

 Reduces the variance of our estimator of the option price (population mean)

 Paths with positive payoffs receive smaller sample weights to compensate
and keep the mean the same

prce = [ payolt(e) o(@) dz, ofa) = “PZZE ¥ = inr 1)

Here the density @ Is a discretized Brownian motion

d
2,)=1
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%Ex Brownian motion with drift cont’d

price = /Rd payoff () o(x) d
exp(—x ' Xtz /2)
Vv (2m)d[x

d
2,7=1

o(x) = , X = (min(t;,t;))

We importance sample:

o (@) = exp(—(m—a) >~ (a:—a)/Z)’ . oz(tl,...,td)T

Vv (2m)d|X]
o(x)

Odrift (213)

price = / payoft (z) exp(—awq + OéQtd/Q) Qdrift () d
Rd

likelihood ratio = = exp(—axg + o ty/2)

Note that the weight gets smaller as ax, increases or aztd decreases
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c#\/ariable transformation / importance sampling
" observations

» Variable transformation and importance sampling are intertwined

* The choice of sampling density or variable transformation affects the variance
of the sample mean

e You must choose the variable transformation so that
« The Jacobian determinant, J(x; y), is finite

» The probability density, ¢x(x), does not vanish unless integrand vanishes

* You might try pilot samples to help choose transformation
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“#*Control variates

pu=Elf(X)] & pu=E[/(X)-pmX)—"-—p,mn,(X)]
provided that E[#(X)] = ---E[7,,(X)] = 0. Want to arrange such that

var| f(X) — pim(X) — -+ = p,1,,(X)] < var| f(X)]

Then

,uCV , = — Z LX) —pin(X;) — - —p,n,(X;)] converges faster than ji, = — 2 (X))
n—1 1=0

— ZO fX) = P (X) = = = PutnX) = ficv,]

var (/’tCV,n) ~

How do we minimize var[ f(X) — B;1,(X) — (X)]?

m;/]m
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“*Control variates (cont’d)

A 1 n—1
ficv, =— ), LX) = Bim(X) = -+ = B, 1,(X)]
=0

How do we minimize var| f(X) — pn(X) — --- = p,1,(X)]? Use least squares
regression with centered response and explanatory variables to choose f:

e

B = argmin|y — Hb|P
b

f(xo) — pin m(xo) — ﬂm,n T Nm (o) — ﬁnm,n
where y = : , H= : :
f(Tn-1) — n 771(% 1) _ﬁm,n o N (Tp—1) _ﬁnm,n
1 n—1 1 n—1
ﬁn: EZf(wZ)v :unln: _an ajz SRR ﬁnm,n — E nm(wz>
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“*Least Squares

How do we solve

A

3 = argmin||y — Hb||* = argmin(y — Hb)* (y — Hb)
b b

Let

b=(H'H)'H'y+ec

Then

|y — Hb)? 2

—H[(H'H)™'H y + ¢]|
I —HH"H)""HT ]y + Hel|

([l = HHTH)""HT]y + He) ' ([l — HHTH)"'HT ]y + Hc)
—y ' [I—HH'H)"'H']Jy+c¢'H'Hc

|
i@

So the optimum comes by setting ¢ = ()
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Control variates

» Should be clever in choosing the 7;

 Good choices can decrease the sample size required

 Bad choices only hurt in terms of increased computation time, but not
Increased sample size

e The ﬁ] should be chosen by least squares for [ID sampling

« For low discrepancy sequences, the ,BJ should be chosen to reduce the
variation (not variance)
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“*Conditional Monte Carlo

Recall that

(V) = E

var,[E(Y|Z)] < var(Y),

zIEy

(Y|Z)], var(Y) =

—,|var(Y|Z)] + var,|

Which implies that

n—1

var ;Z ~(Y|Z,) | < var

1=0

Let (Y = f(X1.4), X1.q) be be a vector of random variables

Ty (Y | X4.4) has an analytic form, then

var(Y) > varx, ,|g(Xo.q))

= 0y |x,.,(Y | T2:q) has an analytic form, then

Let Z = X 5.4
If g(X5.q) =
p=EY)=Ex,,[9(X2q4)| and
If A(y, Xo2.q) =
oy (y) = Ex,.,[h(y, X2.4))

(Y| Z)]

ln—l
pp IR

probability density expressed as expectation

17 of 22



=

(J
s oottt

(]
° Yo%
X

“#Conditional Monte Carlo for Density Estimation
Estimate the probability density, ¢, for ¥ = f(X), where X ~ %[O,l]d

If one can identify an increasing g, such that

y=fx) < x; =g(;x,.,)
Then

Fyx, V1x5.0) = PLY <y Xy, = X541 = PLAX) < y[ X5 = %54
= PLX; < g(y;x,.0] = g(y;x5.9)

o(y) =L [QY\XM(Y \xzzd)] — [ g'(y;x)dx
[O,l]d—l
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#Ex. Density of a sum of uniforms

Let Y =y X; + - +y,X,, where X ~ 210,1]¢ and all the Y, are non-negative.
What is the PDF of ¥?

gy Xy, ..., Xy) = ? V= 72X — = = VaXg)s YoXot+ VX SYSy Xt Xy
1

|
gV X, oy Xy) = ? , VXt Yy S Y Sy Xt T Yy
1
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t.r-

.'.-‘-.f=1=2"°’=?"Ant|thet|c Sampling

If you are sampling from a probability distribution with symmetry, then you can
evaluate f at both X; and T(X,), where T(X) has the same distribution as X,

e.g.,

TX)=1-XforX ~ %[0, 1]%or T(X) = — X for X ~ (0, %)

Note that if X; are IID, then X; and 7(X;) are not independent, but (Xl-, T(Xl-))
are

When does i Antin = Z | (X)) + f(T(X,))] have a smaller variance than

2n—1 lO

. Zf(X)fOrIIDX’?
1=0
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Antlthetlc Sampling

Note that
R 1 ol Var(f(X))
Var (R pmi) = 7 2; var (fiX) + fT(X7))) = ———=[1 + corr (), ATX)))|
Whereas
R Var(f(X ))
var(it,,) = 2—
n
So antithetic sampling helps if Corr(f(X),f(T(X))) < 0
n—1

var ( //’t\ Anti,n) ~

3 [fX) + ATX)) = 28 ani]

dn(n — 1) &=
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“**How to get an antithetic variate

Suppose that you have random variable X with CDF [F*. One way to construct
an antithetic variate, T(X):

e Notethat U = F(X) ~ %]0,1]
e Also, 1 — U ~ %]0,1]
. Therefore T(X) = F~1(1 = U) = F_l(l — F(X)) also has CDF F
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“#Latin Hypercube Sampling in One Dimension
Let’s be intentional about placing uniform looking points on [0,1]

IID

1 n—1
X, =({+U)n, UyU,...~ %01 i=0,...n=1,  fiyg,=— ) fX)
n
1=0

Note that X. = (i + U;)/n ~ %]|i/n, (i + 1)/n], and so

1 n—1 1 n—1 e@(+1)/n 1
. EAiusal == Z —[S(X)] = — Z J f(x) X nx dx = J fx)dx = u
t 1=0 L =0 Yin 0

which means that 1| g, is unbiased

« The X; are not IID but they are independent
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“*\lariance of LHS in One Dimension

n—1 n—

X; 1 .

var(fiLus ) = var (E : / )) = — § var(f(X;)) since the X; are uncorrelated

T Tl
1=0

n—1  .(i+1)/n
=Y [ (@ = ) X x da

i=0 v Un

where f(n;) = E|f(X;)] for some n; by the Mean Value Theorem

where f(x) = f(n;) + f'(&(x))(x — n;) for some £(x) by Taylor's Theorem

Hf’H2 By
. Z
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~%’Latln Hypercube Sampling in d dimensions

Xy = () + U; )In, U, '~ CZZ[O 1] 7 are 11D random permutations of 1,.

HLHS n =—Zf(X11»--- d)

To quantify uncertainty in the estimate of the mean we need replications:

1 n—1
X0 = (20G) + UO)in, UY S %[0,1, 27 1D, g1, = —Z XD, XD, r=1,...R
n- .

'MLHS n i,1°
R—1,n—1
h A7) _ (7) (7)
/’tLHS,n,R — Z'MLHSI/L — I’LR 2 f()(ll’ : .)(i,d)
r—() r,i=0

Val‘(ﬂLHs,n,R) ~ m Z [ﬂLHS . — MLHS nR]
r=0
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%Pros and cons of LHS

Pros

Do not need to guess importance sampling distributions or control variates or
compute conditional expectations

 Can give faster convergence rates than IID

Cons

o« Sample size, n, is fixed

o Difficult to assess accuracy, except by replications; too many replications
destroy the faster convergence

» Great convergence rates do not hold for multivariate case (d > 1)

20




“*Low discrepancy sampling

Low discrepancy sampling, also known as quasi-Monte Carlo methods is an
improvement on LHS that can provide higher order convergence rates than |ID
sampling for functions with modest smoothness

Recall from earlier the discrepancy, D({xi}?z_ol, F: K) between a point cloud or
node set {xl-};fl:_o1 and a probability distribution, F’, defined by

n—1

D*({x;})5),F;K) = J K(x,x)dF(x)dF(x") — — Z [ K(x,x;) dF(x)
IXX n- 0

1 n—1
+ﬁ 2 K(xi9 x])a
i.i=0
Where we will take the domain to be & = [0,1]¢
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“*Discrepancy interpretation

e \Worst-case error

< D0,11% {x}=; K)Iflle VfE H

1 n—1
[ fx) d@x) = — ) fix)
0,11 =0

* Average-case error

1 n—1
j o) dx == ) flx)
[0,1]d d—

* Distance between the target distribution and the point cloud

43X,X’NZ/{[O,1]dK(X7 X/>—2 ﬂXNZ/{[O,l]d,ZNF K(X, Z)—|— “:Z,Z’NF

1 n—1
{mz}?:() {m"f}z:()

= D*(U[0,1]% {zi}i=y; K)

2
= D2(%[0,11°, {x,}!=}; K)

~fe €% (0,K)

K(Z,Z")
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“#van der Corput sequence
In one-dimension, evenly spaced points may be constructed as
x;=1i/n, 1=0,...,n—1

But you need to fix n in advance. The van der Corput sequence is an infinite
sequence that fills the unit interval [0,1] evenly and one can stop at any n and
even keep going. Let b (normally b = 2) be a prime base. Then

: s T : Coe Coe iO il i2
¢b(l) — ¢b<“‘ + lzb —+ llb + lo) — ¢b((“‘lzlllo)b) .— b(o.lolllz'“) - Z -+ ﬁ -+ E + .-
The set {i/b’/”}f:mo_1 and the set {qﬁb(i)}ibjo_l have the same points but in a
different order, but the elements of the second set do not change their order
when m Increases
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“*Four families of low discrepancy sequences
Fori =0.1,...

» Kronecker: x; = i§ mod 1 for some specially chosen generator § € [0,1)¢,
no preferred sample size, n

» Lattice: x; = ¢,(1)¢ mod 1 for some specially chosen generator § & N,
preferred sample size is n = b™

. Halton: x; = (¢2(i), P1(1), Ps(1), ) essentially no preferred sample size, n

o Dlgltal xi — iOCO @ ilcl @ i26'2 @ cee where | = ("‘izilio)b, @ means
digitwise addition modulo b, and ¢, ¢{,C», ... € [O,l)d, preferred sample size
isn = b"
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“*Component-by-component search

The generators for digital nets may be chosen by number theory, but in most

cases the generators are chosen by computer search to minimize the
discrepancy.

The component-by-component search method

1. Choose a generator for a 1-D sequence that minimizes the discrepancy over
arange of n,set £ = 1

. Freeze the first £dimensions of the generator

Choose the £ + 1 component of the generator by minimizing the discrepancy

Increases £ by one

SIEFNEN AT

If £ < d, go to step 2; otherwise you are done
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“**Randomizing low discrepancy sequences

Want to make X4 ; ~ 210,119, while {xmnd,i}?:_o1 is low discrepancy

» Random shifts: x4, =X; + Amod 1, A ~ 210,11, especially for
lattices and Kronecker

» Random digital shifts: x,,,q; =X, A mod 1, A ~ 210,117, especially for
digital sequences

* Linear matrix scrambling or nested uniform scrambling, especially for digital
sequences
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“*Benefits of randomizing

1 n—1
_ Unbiased estimator, ji = — 2 J(Xpana i), Oof E [f(X)] for X ~ 210,11
n
i=0

* X..nd.; @lmost surely never on the boundary of 210,11¢, so transformations to

the Gaussian distribution will be finite

 Root mean squared error for digital sequences with linear matrix or nested
uniform scrambling can be nearly O(n=>'?)
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'Ota-

Stopplng Criteria

There is often the question of how big is your error for a given n,
= i, <7
Or how big must n be so that the error is no greater than a tolerance, &,
u— | <eforn="7
We want to answer these questions based only on f(x,), f(x;), -...

For [ID sampling we might use the Central Limit Theorem (CLT). For LD sampling we can
use the CLT only if we use replications. Other stopping criterion for LD sampling are
based on

» Tracking the Fourier coefficients of the data, f(x,), f(x;), ..., or

 Bayesian credible intervals
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