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“**Rate your confidence heading into Test 1
 (Go to menti.com
e Use code 4923 2283
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“**How do we generate samples when the
distribution is complicated?

* |nverse cumulative distribution function applied to uniform samples works for
simple cases

* Correlated multivariate Gaussian distributions are possible through affine
transformations of univariate Gaussians

* Acceptance-rejection sampling
- Propose from a simple density that you know bounds
- An unnormalized target density
- May reject a lot of samples

 Markov chain Monte Carlo (MCMC) moves samples toward areas of higher
target density
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%Markov Chains

Let 2 be a state space for a sequence of random variables. Markov chains
follow a probability law satisfying

where & is some (measurable) subset of 2. This means that where you go next
only depends on where you are now, not how you got there.

We use these to

» Generate X, X, ... whose probability distribution converges to the target

e Study queuing systems

We are often interested in the asymptotic behavior of the X




“*Examples of Markov Chains

Is Markov:
AJK}) —_ (), ‘}K;L+fl — ;)(% '+'.ZZ;, ;Z%'I!!;) 9/1/]i(),i1:)
Xo=0, X, =1+2, Z > N (0,1) not Martingale, not homogeneous

1D
Yo = (Yo,1, Yop) = (0,0) ¥y = (Yiyy 15 Yig10) = (Xip, ¥y + 2, Z; ~ N(,1)

Is not Markov:
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Metropolls—Hastlngs algorithm

Suppose that
* You really want to sample X with known (unnormalized) target density ¢

» You have a proposal density onew|old 10 select the next point starting from
where you are
Given X[0]

For 1 = 0 to n-1
Generate Z~Qnew'01d(- |1 X)), U~ %[0,1]

. ( Q(Z)Qnewmm(Xi\Z)) | ( joint density of first Z then Xl.)
If U <min| 1, = min| 1,—— _ ,
0(X)Cnew(old(Z | X;) joint density of first X, then Z
)(Iii:k]_]e-ZZ
Else
)(l:irk]_]e—)([:i]

Note that you always accept either the new or the old
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Metropolls algorithm

If Qnewlold™ | 2) = Qnewo1d(Z [ X), then this can be simplified

Metropolis sampling proceeds as follows
Given X[0]
For 1 = 0 to n-1
Generate Z~ Qnew'old(- |1 X)), U~ %[0,1]

If U< min(l, oZ) )
0(X;)
)(I:i:k]_]e—zz

Else
X[i+1]+X[i]
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“**Metropolis algorithm practice
Consider some uniform random numbers

r | 0O 1 2 3 4 D 0 [
U, 106 01 03 05 09 0.2 0.1 04

and some values of a density

X —-1.2 —-08 —-05 0.6 1.1 1.4 20 2.2
o(x) | 0.1 0.8 2 16 05 26 24 1.0

Choose a random order of the x values and follow the Metropolis algorithm for a
several steps based on the table of density values
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';'{;féidvantages of and Challenges in MCMC

« Samples from complicated, unnormalized densities

 Easy to implement

* Proposal density and starting point need tuning to ensure that
 EXxplore all the sample space and not miss out

* Exploit sampling in regions where the density is large

10




“**How do we measure quality of MCMC

Short answer: We cannot easily

Longer answer: Given a symmetric, positive definite kernel, K : & X X — R,
the discrepancy, sometimes called the maximum mean discrepancy between
two empirical distributions is defined by

m—1,n—1
D*({x}i g5  K) = 2K<xl,x>— y K(xl,z>+— ZK(Z,,Z)
1,j=0 1,j=0 1,j=0

Requires O (max(m, n)z) operations
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“*What is discrepancy?
The discrepancy measures

* The difference between two probability distributions

» The worst-case error in approximating an expectation/integral u = [E| f(X)]
by a sample mean when fis in the unit ball of a Hilbert space with
reproducing kernel K

* The root-mean square error in approximating an expectation/integral
u = [E[ f(X)] by a sample mean when f is an instance of a Gaussian process

with covariance kernel K

Discrepancies from kernels were popularized by [Hickernell 1998] and [Gretton
et al. 2012]
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%Symmetrlc Positive Definite Kernels

e A square matrix, K, is symmetric and positive definite iff

K'=K and c¢'Ke>Oforallc # 0

e« Akernel, K : X X I — R, is symmetric and positive definite iff

K= (K(x )) i =07 the Gram matrix, is symmetric and positive definite

for alln € N and {x W|th distinct elements, e.qg.

K(t,x) = eXp( —Ht — tz/hz), L = R4 squared exponential
d

K(t,x) = H

=1

2

+%(W— 2]+ |x, = 12] = lt; = x,1) |, & =[0,1]

centered discrepancy
13 of 37



“*Discrepancy from kernels

Suppose that

e K: A XA — |

IS @ symmetric, positive definite kernel,

« X is the sample space for random variables/vectors X and Z

» X has CDF Fy a

nd Z has CDF F,

Then discrepancy measures the difference between two distributions:

D*(Fy, Fz;K) =

_X,X,NFXK(X’ X,) - 2

J Kx,x") dFy(x)dFy(x’) — ZJ'
A XX

_XNFX,ZNFZK(X’ Z) +

XX

+J K(z,2')dF4(z)dF4(z) 2 0
A XA

_Z,Z’NFZK (Z,2)

K(x,z)dFy(x)dF,(z)
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“#Discrepancy from kernels
Then discrepancy measures the difference between two distributions:

D*(Fy, Fz;K) = [

Kx,x")dFy(x)dFyx’) — 2 [ K(x,z) dFy(x)dF,(z)
XXX

XX

+ J K(z,z') dF,(z)dF,(z")
A XX

[ K(x,x")d[Fy(x) — Fz(x)d[Fy(x') — Fz(x")]
XX

[ K(x,x’) ox(x)ox(x’) dxdx’ — ZJ K(x,z) ox(x)o,(2) dxdz
XXX XX

+J K(z,2") 07(2)07(z")dzdz" > 0
XL
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“*Discrepancy with empirical distributions

The formula for the squared discrepancy works if one or both of the
distributions is the empirical distribution of a sample.

D*(Fy, Fi, -1 K) = D*(Fy, {z,}1); K)

n—1
— J Kx,x") dFy(x)dFy(x’) — - Z J K(x,z;) dFy(x)
XL X

n
2 K(z;z))

1=0
1,]=0
m—1,n—1

D ({x,}i5' z)i: K) = Z Keex) —— ), Kxpz) +— Z K2

1,]=0 1,]=0 1,]=0
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Unblased estimates of squared discrepancy

The squared discrepancy is hon-negative, but we can Construct unbiased and possibly negative estimates
of Dz(FX, Fy; K) based on IID samples {x;}' and/or 1z:} g

2 n—1. / / I 2 N .
D2 (Fy {z)=):K) = K(x, x') ox(x)ox(x) dxdx' == )" | K(x,z) ox(x) dx
IXL n-_oJda

n—1
| K(z; z;)
nn—1) i,]z:o /
i # ]
1 m—1 o m—1.n—1
unb<{x} {Z }z =0 7 ) m(m — 1) 2 K(xi’xj) i 2 K(xiazj)
i,j =0 i,j=0
i # ]
1 n—1
| K(z;, z;)
n(n—1) i,jz=() /
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“**Discrepancy as worst case error

Let K : X X X — R be a symmetric, positive definite kernel. Then

« # := completion (add limits of Cauchy sequences) of
1oK(-,xp)+-+c, (K(-,x,_):neN, ¢ceR,x e}
is a Hilbert space (vector space + inner product) of functions defined on X
with reproducing kernel K

» Which means f(x) = (K( - ,x),f)pforalfe Z,x € X

» Suppose that J o K(x,x") dFy(x)dFy(x") is defined and finite, which means

that f — ng f(x) dFy(x) is a bounded linear functional on #Z

. This means that cubature error, f LX f(x)dFy(x) —n~! Z?:_ol f(z,) is also a

bounded linear functional on #
18 of 37



“*Discrepancy as worst case error (cont’d)
» Reproducing property: f(x) = (K(-,x),f)pforalfe X, x e I

. Cubature error, f — ng fx)dFy(x) — n-1 2::01 f(z.), is a bounded linear functional
on #A

By the Riesz Representation Theorem there exists a € # such that
1 n—1
f) dFx(x) == ) fe) = () VfEH
24 i=0

« The Cauchy-Schwarz inequality separates the contribution to the error from {zi}?:_ol
and from f

= [0 | S WKl flz Vi€ X

1 n—1
[ fl) dFy() — =Y fiz)
¥4 =0
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“#Discrepancy as worst case error (cont’d)

= [P | S WCllxlfl VFe

1 n—1
J fle) dFy(x) == ) f(z)
¥4 =0
* By the reproducing property and the Riesz Representation Theorem,

1 n—1
C(x/) — <K( ) 9x/)9 C)% — J' K(xax/) dFX(x) o _2 K(zi9x,)
t 1=0

g
n—1
IC12 = (&, &) = J K(x,x") dFy(x)dFy(x) — =) j K(x,z;) dFy(x)
IXX o0 da

»2) = D*(Fy, {z,}15); K)
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“*Discrepancy as worst case error (cont’d)

In particular, for uniform target distributions

fx) d(x) ——Zf(z) < D011, {z}1=): K) fllz» VfE K

[ [0,11]4%[0,1]¢

where

D*(%[0,11¢, {zi}?;ol; K) = K(x,x)dxdx' — — Z J K(x,z;)dx

[0,1]4
Z K(z;,z;)

1,]=0

J'[O,l]dx[o 114
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“After Test 1, how do we improve?
 Go to menti.com

e Usecode 8510 7177

e [Two slides

* One to help me know how | can help

* One for you to reflect on what you will do differently
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%My response to your feedback

* You requested more worked examples, especially those that mimic test
problems

* You need to study to learn concepts, not to be able to do problems
* | will do more examples in class; you are welcome to ask for more

* | will assign more problems for homework of the type that may appear on
tests (see the revised Assignment 3)

* | encourage you to look at old tests

My tests will not intentionally copy class examples or old test problems
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' "’My response to your feedback

* You asked for more background material and were concerned that the class
required advanced mathematics or statistics.

* [he statistics and mathematics required on the tests are a calculus and a
calculus-level probabillity class

 How to take expectations

* The binomial, exponential, and normal/Gaussian distributions
e Sample means and variances

* Confidence intervals via the Central Limit Theorem

* | do not expect you to know the details of functional analysis or stochastic
processes, but to understand the overall argument

* Jo help me understand what advanced mathematics or statistics you need help with
please respond at mentimeter.com 2644 2309
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%My response to your feedback

e There were comments about the test format, how to recover from a low score
and number of tests

* |n-person tests help me gauge what you have learned
* | will take the highest of your two test scores rather than average the two
* This Is a graduate class suitable for masters and doctoral students
* Please provide further and continuing feedback through
 Comments in class
 Emails
* Future Mentimeter

 Midterm course evaluation from the Center for Learning Innovation
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‘Discrepancy as average case error

Suppose that

[}
%

O A
:8'.’ °

o ©o

[ ]

» fis drawn from a Gaussian process with zero mean and covariance kernel K : & X & — R, i.e.,

£~ CP0,K).

Do not need to specify the sample space for f, which will almost surely have less smoothness than
the Hilbert space with reproducing kernel K.

The mean squared error for a deterministic cubature rule is
2

1 n—1
Sjeamoun| [ 1@ dFx(@) = -3 f(z)
1=0

- /%X% L feg?(0,K) [f(w)f(wl)} dFX(fB)dFX(zl)—% ; /% Lfe92(0,K) [f(fﬁ)f(ziﬂ dFx ()

n—1
1 ]
| N Z  rega(0.x) |f(2i) f(25)]
1,7=0 26 of 37



“*Discrepancy as average case error (cont’d)

The mean squared error for a deterministic cubature rule is

2

1 n—1
L e (0,K) /X f(x)dFx(x) — - Z f(zi)
1=0

= /%X% e o0,x) | (@) f(2') dFX(fE)dFX(w/)—% ; /% L ez 0.5 L f (@) f(2:)] dFx ()

1 n—1
| > Z L rega(0.i) L (2i) f(25)]

1,7=0

:/ K(x,x') dFx ()dFx (z ——Z/ K(x,z;) dFx (z)+— ZKZZ Zj)
A A &

1,7=0

—D (FXa{Zi ?:—())
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#Observations about discrepancy

* The value of the discrepancy depends on the choice of kernel, K, and the parameters that
define it

« K may be chosen for convenience

 Should choose the hyperparameters of K to ensure that your f is in the middle; this can be
done by empirical Bayes/maximum likelihood estimation in the average case setting

« K may be chosen based on knowledge about properties of f, such as domain, smoothness,

periodicity, importance of different coordinates

+ D(-,-;¢°K) = |c|D(-, - ;K)

« D(Fy, {z}l o> K) measures the quality of {z}_, ! for estimating the mean, u = E[f(X)], by
the sample mean 1, = n-! Z:l Olf(z) for

» fin a Hilbert space, #, with reproducing kernel K (don’t need to know ||| 5, explicitly) or
o [~ GP0,K)
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“*Observations about discrepancy (cont’d)

 The mean square discrepancy of an |ID random sample is

[D?(Fx,{zi~ Fx}—); K) = . /X K(z,z)dFx(z) — K(w,w’)dFX(a})dFX(w’)_

i XXX

* [he deterministic cubature error bound cannot be used constructively to
bound the error because the norm of f cannot be estimated

e If f~ &9P0,K), and the parameters of K are estimated by empirical Bayes

(maximum likelihood), then one can construct credible intervals for the
cubature error

2.58D(Fy, {z}=): K)
280y g B |

Jn

_

1 n—1
[ floe) dFy(x) — = Y fiz)
¥4 =0

1€895(0,K) [
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“**Example of the Centered discrepancy

d

K, x) = H

=1

1+%(\tf — 172+ |x,— 1/2] — |2, —xf\)], L = [0,1]¢

1112, = I1(0.5.,...,0.5)]I3

_|_

df(x;,0.5,...,0.5)
Y1 0X)

2

df(x, x,,0.5,...,0.5)

Y172 0X10X)

of(xy, ..., x,)

9f(0.5,%,,0.5,...,0.5)

71“'743361“‘93%

Y2 0X)

Y173 0X10X3

df(x;,0.5,x3,0.5,...,0.5)

2

+ ...
2
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“*And now back to MCMC
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#0Overcoming challenges of MCMC
* The probability densities where we use MCMC are typically spiky and often

multimodal

 Small step sizes may give samples that do not represent the distribution
well

» | arge step sizes lead to low acceptance rates of the proposals, meaning
more repeats

* One may try pilot sampling or multiple chains

» Parallel tempering (replica exchange) combines benefits of large step sizes
with multiple chains

32




“*Maximum likelihood estimation (MLE)

Let @ be a parameter to be estimated, and let

opata(data|@) = density for random DATA given parameter 6
— also known as likelihood(0|data)

0\ E maximizes likelihood(@ | data) is called the maximum likelihood estimate

E.g.ifthedatais yy, ..., ¥V, D N (u, 6%), then

1 n—1
Do) €Xp( - Z (v = w)°/ (202)>

oDATA({¥i}izg | (1. 6%)) =

HMLE — ; Z Yis I\/ILE Z Vi — //tI\/ILE)
1=0
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Bayesmn Inference

oprior (@) = density expressing prior belief about parameter © at @
opaTA|e (data|@) = density for DATA given © = 6 evaluated at data
— also know as likelihoodg pata(@|data)

Then
Oposterior (@|data) = density expressing belief about ® given data and prior belief

_ Opint(0,data) opaTA|© (data|@) oprior (0)
opaTa(data) opaTa (data)

likelihood 0 data (O
opaTa(data)

Have unnormalized posterior, i.e. can ignore anything depending only on data

May compute maximum a posteriori (MAP) or posterior mean of @ through MCMC sampling
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Imagine a customer service system with random arrival times of customers and random service times.

There may be several stages. We consider the case where 1 represents an event (not a fixed time
increment) E.qg.,

11D

A; = arrival time of next customer ~ F,

N; = number of customers in the queue

11D

S, = service time of first customer in queue ~ Fj

Given A[Q] ~F,, N[0Q]-0, S[0] ~F,, n #total number of customers
While 1 < n
ITf N[1] = 0 #new customer
N[i+1]<1, A[i+1l] ~F,, S[i+1]S[i]
ElseIf A[i]l < S[i] #new customer
N[i+1]-N[i+1]+1, A[i+1l] ~F,, S[i+1]<S[i]-A[il]
Else #finish serving customer
N[i+1]N[i+1]-1, A[i+1] = A[i]-S[i], SI[I+1] ~F;

l<1+1
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“FQueues

Imagine a customer service system with random arrival times of customers and
random service times. There may be several stages. Suppose that you want to
measure customer waiting time and total time

11D

A; = arrival time of next customer ~ F,

N; = number of customers in the queue

11D

S, = service time of first customer in queue ~ Fy

I’; = total time passed

h

W. = waiting time plus service time for the jt customer

J
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Given Al0] ~F,, N[0]-0, S[0] ~F;, T[O]-0
n #total number of customers
time #maximum time
F-0 #index of first customer 1in queue
E<0 #index of next customer to enter queue
While i < n and T[I] < time
If N[i] = @ #get new customer
N[i+1]<1, A[i+1] ~F,, S[i+1]<S[i], Tli+1]<T[i+1]+A[il]
W[E]<A[i], E<E+1
ElseIf A[i] < S[i] #get new customer
N[i+1]-N[i]+1, A[i+1l] ~F,, S[i+1]<S[i]-A[i], T[i+1]<T[i+1]+A[i]
WIE]-A[i], WI[E-1]<W[E-1]+A[i], .., WIF]<W[F]+A[i], E<E+1
Else #finish serving customer
N[i+1]-N[i]-1, A[i+1] = A[I]-SI[i], SI[i+1l] ~F,, Tli+1]T[i+1]+S[i]
WIE-1]-WI[E-11+S[i], .., WIF]W[F1+S[i], F<F+1
1141
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